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Cayley Digraphs from Complete Generalized Cycles
J. M. BRUNAT, M. ESPONA, M. A. FIOL† AND O. SERRA
The complete generalized cycle G.d; n/ is the digraph which has Zn  Zd as the vertex set and
every vertex .i; x/ is adjacent to the d vertices .i C 1; y/ with y 2 Zd . As a main result, we give a
necessary and sufficient condition for the iterated line digraph G.d; n; k/ D Lk−1G.d; n/, with d a
prime number, to be a Cayley digraph in terms of the existence of a group0d of order d and a subgroup
N of .0d /n isomorphic to .0d /k . The condition is shown to be also sufficient for any integer d  2.
If 0d is a ring R and N is a submodule of Rn , it is said that G.d; n; k/ is an R-Cayley digraph. By
using some properties of the homogeneous linear recurrences in finite rings, necessary and sufficient
conditions for G.d; n; k/ to be an R-Cayley digraph are obtained. As a consequence, when R D Zd a
new characterization for the digraphs G.d; n; k/ to be Zd -Cayley digraphs is derived. As a corollary,
sufficient conditions for the corresponding underlying graphs to be Cayley can be deduced. If d is a
prime power and Fd is a finite field of order d , the digraphs G.d; n; k/ which are Fd -Cayley digraphs
are in 1-1 correspondence with the cyclic .n; k/-linear codes over Fd .
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1. INTRODUCTION
Let us first recall some definitions about digraphs and their groups, as they will be used in
this paper. For undefined group theoretic concepts, we refer the reader to [18].
Let G D .V; E/ denote a finite directed graph (digraph for short) with a set of vertices V and
a set of arcs E  V V . The digraph G is said to be d-regular if every vertex is adjacent from
and to d vertices. A path of length n from x to y is a sequence of vertices x D x0x1    xn D y
such that xi is adjacent to xiC1 for 0  i  n − 1. A cycle of length n is a closed path of n
different vertices.
An automorphism of G is a bijective mapping  V V −! V such that .x; y/ 2 E ,
..x/; .y// 2 E . The set of automorphisms of G is a group denoted by Aut G. The digraph
G is vertex transitive if the action of Aut G on V is transitive.
Let  be a finite group and 1 a generating subset of  with cardinality d and 1 62 1. The
(right) Cayley digraph Cay.;1/ has  as the vertex set and .x; y/ is an arc if and only if
y D xz for some z 2 1. The Cayley digraph Cay.;1/ is a vertex transitive d-regular digraph.
Sabidussi’s theorem [19] characterizes Cayley graphs and can also be stated for digraphs: G
is a Cayley digraph if and only if Aut G has a subgroup which acts regularly on V .
The line digraph LG of a digraph G D .V; E/ has E as the vertex set and .x; y/ 2 E is
adjacent to .y0; z/ 2 E if and only if y D y0. If G is d-regular, then LG is also d-regular
and has order djV j. In this case it is known [11] that the map Aut G −! Aut LG defined by
 7! , where .x; y/ D ..x/; .y//, is an isomorphism and hence, we can identify  and
, both denoted by . We recursively define Lk G D L.Lk−1G/ for k  1 and L0G D G.
Note that the vertices of Lk G correspond to the paths of length k in G. From the above remark,
if G is d-regular, then Aut G ’ Aut Lk G for all k  0. A group of automorphisms of G is said
to be k-arc transitive if its action on the vertices of Lk G is transitive. The concepts of k-arc
semiregularity and k-arc regularity can be defined analogously. Then, Sabidussi’s theorem
implies the following result: If G is a digraph, then Lk G is a Cayley digraph if and only if
Aut G has a k-arc regular subgroup.
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The complete generalized cycle G.d; n/ is the digraph which has Zn  Zd as the vertex set
and as arcs, the pairs ..i; x/; .i C 1; y// where i 2 Zn and x; y 2 Zd . Note that the particular
cases n D 1 and n D 2 correspond to the complete symmetric digraph with loops KCd and to
the bipartite complete symmetric digraph K d;d , respectively. The digraph G.d; n; k/ is defined
as G.d; n; k/ D Lk−1G.d; n/ for k  1. Thus G.d; n; 1/ D G.d; n/. From this definition and
the results in [10] it is readily seen that G.d; n; k/ is a (strongly) connected d-regular digraph
on ndk vertices and with diameter n C k − 1.
In this paper we study the existence of .k−1/-arc regular automorphism groups of G.d; n/.
In other words, we are interested in knowing for which values of d, n, and k the digraph
G.d; n; k/ is a Cayley digraph. Apart from its own theoretical interest, this study is also
motivated by the increasing importance of Cayley digraphs and line digraphs in the design of
interconnection networks [1, 2, 10, 12]. In this context, this paper is a continuation of previous
work on the general question of deciding for which d-regular digraph G its line digraph LG
is a Cayley digraph [6, 9]. In particular, the authors [6] showed that G.2; n; 2/ D LG.2; n/ is
a Cayley digraph if and only if n is a multiple of 2 or 3. Thus, the natural generalization for
arbitrary parameters is addressed here.
To the knowledge of the authors, the study of the symmetry of the digraphs G.d; n; k/ was
initiated by Praeger in [16] who showed that, for each positive integer s D n−k, they provide an
infinite family of s-arc transitive digraphs which are not .s C 1/-arc transitive. An application
of these digraphs as models for the so-called ‘vectorial dynamic memory networks’ can be
found in [8]. Moreover, their undirected version — underlying graphs — had been studied by
Delorme and Fahri [7] in the context of finding large graphs with given degree and diameter.
When d is a prime, Praeger and Xu [17] characterized such graphs as the class of connected
symmetric graphs of degree 2d whose automorphism groups have abelian normal d-subgroups
which are not semiregular on the vertices. During the refereeing process we were aware of a
recent paper by McKay and Praeger [15] in which they use the undirected version of G.d; n; 2/
to supply examples of non-Cayley vertex transitive graphs. They prove that, when d and n  3
are distinct primes, such a graph is a Cayley graph if and only if n divides d2−1. In fact, since
the underlying graph of a Cayley digraph is again a Cayley graph, all the sufficient conditions
for G.d; n; k/ to be Cayley apply also for the corresponding underlying graphs. In particular,
using the above hypotheses, we show that the undirected version of G.d; n; k/ is a Cayley
graph when either dk  1 mod n or dk−1  1 mod n.
The paper is organized as follows. In the next section we give a necessary and sufficient
condition for the digraphs G.d; n; k/, with d a prime number, to be Cayley digraphs in terms
of the existence of a group 0d of order d and a subgroup N of .0d/n isomorphic to .0d/k . The
condition is shown to be also sufficient for any integer d  2. Whenever 0d is a ring R and N
is a submodule of Rn , G.d; n; k/ is said to be an R-Cayley digraph. By using some properties
of the homogeneous linear recurrences in finite rings, necessary and sufficient conditions for
G.d; n; k/ to be an R-Cayley digraph are obtained in Section 3. This result provides a complete
characterization of the Cayley digraphs G.d; n; k/ when d is a prime. In particular, we obtain
some families of vertex transitive digraphs which are not Cayley digraphs. Finally, in the last
section it is shown that when R D Fd , the Galois field on d elements, the Fd -Cayley digraphs
are in 1-1 correspondence with the cyclic .n; k/-linear codes over Fd .
2. UNIFORM CAYLEY DIGRAPHS
From the definition, it is clear that the complete generalized cycle G.d; n/ D G.d; n; 1/ is
the Cayley digraph Cay.Zn Zd ; f.1; 0/; .1; 1/; : : : ; .1; d − 1/g/ thus giving a trivial answer
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to our problem when k D 1. For k  2, a vertex of G.d; n; k/ corresponds to a path in G.d; n/
of length k − 1, say
.i; x0/.i C 1; x1/    .i C k − 1; xk−1/;
which can be denoted by .i; x0x1    xk−1/. With this notation, every vertex .i; x0x1    xk−1/
is adjacent to the d vertices .i C 1; x1    xk−1xk/, with xk 2 Zd . The digraph G.d; n; k/
is clearly isomorphic to its converse digraph, obtained by reversing the direction of its arcs,
which corresponds to the digraph Cn.d; k/ studied by Praeger in [16]. She proved the following
theorem where Sd is the symmetric group of order d and 0-arc transitivity stands for vertex
transitivity.
THEOREM 2.1. (Praeger [16]) For every k  1, the automorphism group of the digraph
G.d; n; k/ is .Sd/n oZn. Moreover, if k  n, the digraph G.d; n; k/ is .n − k/-arc transitive
but not .n − k C 1/-arc transitive.
From the remarks on line digraphs given in Section 1, the first statement can be easily
deduced from the isomorphism Aut G.d; n/ ’ Aut Lk−1G.d; n/ D Aut G.d; n; k/, which
reduces the proof to the basis k D 1. In fact, the action of the automorphism group on the
vertices of G.d; n/ is .0; 1; : : : ; n−1I j/.i; x/ D .i C j; i .x//. The second part of the
theorem is a consequence of the fact that G.d; n; n/ is vertex transitive but G.d; n; n C 1/ is
not. In fact, it will be shown below that G.d; n; n/ is a Cayley digraph. Furthermore, there
is no automorphism sending the vertex .i; x0x1    xn−1xn/ of G.d; n; n C 1/ with xn 6D x0
(a non-closed path in G.d; n/) to the vertex .i; x0x1    xn−1x0/ (a cycle in G.d; n/).
The above result implies that if G.d; n; k/ is vertex transitive, then n  k. Therefore,
this is a necessary condition for G.d; n; k/ to be a Cayley digraph and, in what follows,
we will assume that 2  k  n. Also, since G.1; n; k/ D Cay.Zn; f1g/, we may assume
that d  2. In order to give our main result, characterizing when the digraph G.d; n; k/
with d a prime is a Cayley digraph, we introduce the following notation. Let H be a group
and consider the direct product Hn D H .n/   H . The map a: Hn ! Hn defined by
a.h0; h1; h2; : : : ; hn−1/ D .h1; h2; : : : ; hn−1; h0/ is an automorphism of Hn which we call
rotation. A subset S of Hn is closed under rotation if a.S/ D S. Let 1  k  n. The map
k : Hn ! Hk is defined by
k.h0; h1; : : : ; hn−1/ D .h0; h1; : : : ; hk−1/:
THEOREM 2.2. Let d be a prime number. The digraph G.d; n; k/ is a Cayley digraph if
and only if there is a group 0d of order d, and a subgroup N of .0d/n closed under rotation
such that N ’ k.N / D .0d/k . Moreover, this condition is also sufficient for the digraph
G.d; n; k/ to be a Cayley digraph when d is an arbitrary positive integer.
PROOF. Let d be a prime number and assume that G.d; n; k/ is a Cayley digraph. Sabidussi’s
theorem implies that the group Aut G.d; n/ has a .k − 1/-arc regular subgroup 0. Let K be
the set of automorphisms in 0 which fix every set fig  Zd for i 2 Zn . Note that K is the
kernel of the natural group homomorphism  :0! Zn , it is a normal subgroup of 0, and has
order dk .
For a fixed i 2 Zn , the group K acts regularly on the subset of vertices of G.d; n; k/ which
are of the form .i; x0    xk−1/. Let Hi be the set of automorphisms in K that map the vertex
.i; 0    0/ to a vertex of the form .i; z0    0/ with z 2 Zd . The set Hi is a subgroup of K of
order d. As automorphisms of G.d; n/, the elements γ of Hi are those elements in K such
that γ .i C j; 0/ D .i C j; 0/ for 1  j  k − 1. Hence, for such values of j , Hi acts on
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the set fi C jg  Zd of size d and fixes .i C j; 0/. Since d is prime, it follows that Hi fixes
fi C jg  Zd pointwise.
We next show that, for 0  i  n − 1, the group K is the direct product K D Hi  HiC1 
    HiCk−1. Let γ 2 Hi ,  2 K , and suppose that .i C j; 0/ D .i C j; z j /. Then, for
1  j  k−1, −1γ .iC j; 0/ D −1γ .iC j; z j / D −1.iC j; z j / D .iC j; 0/. It follows that
−1γ  2 Hi and Hi is a normal subgroup of K . Let γ 2 HiC j \ Hi HiC1    HiC j−1. Since
γ 2 HiC j , we have that γ .iC j; 0/ D .iC j; z/ for some z. Moreover, γ 2 Hi HiC1    HiC j−1
implies that γ .i C j; 0/ D .i C j; 0/. Hence z D 0 and γ D id.
Let  2 0 such that its image under  is the generator 1 of Zn . For each γ 2 Hi , we
have −1γ.i − 1 C j; 0/ D .i − 1 C j; 0/, 1  j  k − 1, so that −1 Hi D Hi−1, and
the maps fi : Hi ! H0 defined by γ 7! −iγi are isomorphisms. This suggests taking the
group 0d as H0. Let  2 K . For i 2 Zn , we have a factorization  D γ ii γ iiC1    γ iiCk−1 with
γ iiC j 2 HiC j . We now define the map
9: K −! .0d/n
 7! . f0.γ 00 /; f1.γ 11 /; : : : ; fn−1.γ n−1n−1 //;
which is a group homomorphism. In order to show that 9 is injective, suppose that 9./ D
.id; : : : ; id/. Then γ ii D id for 0  i  n−1 and, from  D γ iiC1    γ iiCk−1 D γ iC1iC2    γ iC1iCk ,
we infer that γ iiC1 2 HiC1\HiC2    HiCk D fidg, so that γ iiC1 D id. The same argument from
 D γ iiC2    γ iiCk−1 D γ iC2iC3    γ iC2iCkC1 now yields γ iiC2 D id and, iterating the procedure, we
finally obtain γ iiC j D id for any 0  j  k − 1, and so  D id.
Let N be the image of 9, which is isomorphic to K . In the same way it can be shown that
the map K ! .0d/k defined by  7! . f0.γ 00 /; f1.γ 11 /; : : : ; fk−1.γ k−1k−1 // is an isomorphism.
Hence N ’ k.N / D .0d/k .
Finally, we show that N is closed under rotation. Let 9./ D . f0.γ 00 /; : : : ; fn−1.γ n−1n−1 //
be an element of N with
 D γ ii γ iiC1    γ iiCk−1
for i 2 Zn . Then −1 belongs to K and admits the decompositions
−1 D .−1γ ii /    .−1γ iiCk−1/ 2 Hi−1      HiCk−2:
Then we have fi−1.−1γ ii / D −iγ ii i D fi .γ ii / and hence
9.−1/ D . f1.γ 11 /; : : : ; fn−1.γ n−1n−1 /; f0.γ 00 // 2 N :
Conversely, let d be an arbitrary integer d  2. Let 0d be a group of order d with identity z0
and N a subgroup of .0d/n satisfying the hypothesis. TakeZn0d as the vertex set of G.d; n/
and define N ! Aut G.d; n/ by .x0; : : : ; xn−1/ 7!  where  is the automorphism : .i; x/ 7!
.i; xxi /. We have an injective homomorphism N ! Aut G.d; n/. Let K be the image set and
a the automorphism a: .i; x/ 7! .i C 1; x/. Obviously, K \ hai D fidg and, since N is closed
under rotation, a−1a 2 K for all  2 K , hence K is normal in 0 D hK ; ai D K o hai. The
group 0 has dkn elements, so it is sufficient to show that it is .k − 1/-arc semiregular. Let
f D a j , with  2 K , such that f fixes a vertex .i; y0    yk−1/. If .x0; : : : ; xn−1/ 7!  ,
then .i; y0    yk−1/ D f .i; y0    yk−1/ D .i C j; .y0x0/    .yk−1xk−1//, hence j D 0 and
x0 D    D xk−1 D z0. Now, the condition N ’ k.N / D .0d/k implies that in N there
is only one element with the first k components fixed. As .z0; n/: : :; z0/ 2 N , it follows that
xk D    D xn−1 D z0 and f D id. Therefore 0 is .k − 1/-arc regular and G.d; n; k/ is a
Cayley digraph. 2
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Observe that, under the conditions of Theorem 2.2, G.d; n; k/ is the Cayley digraph
Cay..0d/koZn; f.0; : : : ; xI 1/: x 2 0dg/. Note also that not every subgroup 0 of Aut G.d; n/
which acts regularly on the vertices of G.d; n; k/ contains a subgroup N which is closed under
rotation. However, when d is a prime, the above proof shows how to find a conjugate of 0 in
Aut G.d; n/ which contains such a subgroup. We believe that, in fact, this subgroup is present
in any Cayley digraph G.d; n; k/, whatever the value of d may be. All the examples we know,
which we shall call uniform, support this claim.
DEFINITION. The digraph G.d; n; k/ is a uniform Cayley digraph if there is a group 0d of
order d, and a subgroup N of .0d/n closed under rotation such that N ’ k.N / D .0d/k .
We already noted that G.d; n/ D G.d; n; 1/ is a Cayley digraph and clearly it is also uniform.
Indeed, take 0d a group of order d and N D f.x; .n/: : :; x/: x 2 0dg. The group N is closed
under rotation and 1.N / D 0d ’ N . In fact, this is a special case of the following result
showing how we can obtain ‘new’ uniform Cayley digraphs from ‘old’ ones.
COROLLARY 2.3. If G.d; n; k/ is a uniform Cayley digraph, then G.d; rn; sk/ is a uniform
Cayley digraph for any positive integers r , s such that sjr .
PROOF. By hypothesis there is a group 0d of order d and a subgroup N < .0d/n closed
under rotation such that N ’ k.N / D .0d/k . Then it suffices to consider the subgroup
N 0 < .0d/rn with elements
.x00 ; x
1
0 ; : : : ; x
s−1
0 ; x
0
1 ; x
1
1 ; : : : ; x
s−1
1 ; : : : ; x
0
n−1; x1n−1; : : : ; x
s−1
n−1/
r
s ;
where .xi0; x
i
1; : : : ; x
i
n−1/ 2 N , 0  i  s − 1, and the superscript indicates the number of
times the sequence between parentheses is repeated. Then it is apparent that N 0 is closed under
rotation and the projection sk : N 0 ! .0d/sk is an isomorphism. 2
Here we should mention that G.d; rn; sk/ can be a uniform Cayley digraph for r  2
whereas G.d; n; k/ may not. For instance, G.2; 10; 4/ vs. G.2; 5; 2/, with r D s D 2, and
G.2; 21; 5/ vs. G.2; 7; 5/, with r D 3 and s D 1. See Section 4 for more details.
The uniform Cayley digraphs G.d; n; k/ can also be characterized in terms of the existence
of some isomorphisms defined by a recurrence.
PROPOSITION 2.4. The digraph G.d; n; k/ is a uniform Cayley digraph if and only if there
is a group 0d of order d and a map : .0d/k ! 0d such that the map
8: .0d/k ! .0d/k
.x0; : : : ; xk−1/ 7! .x1; : : : ; xk−1; .x0; x1; : : : ; xk−1//
is an isomorphism satisfying 8n D id.
PROOF. Suppose that G.d; n; k/ is a uniform Cayley digraph and take 0d and N as in
Theorem 2.2. Let a: N ! N be the rotation isomorphism. The restriction of k to N is an
isomorphism. Therefore, we can define 8 D ka−1k . Since a has order n we obtain that
8n D .ka−1k /n D id.
Conversely, given the isomorphism 8, we can define the mapping 9: .0d/k ! .0d/n by
9.x0; : : : ; xk−1/ D .x0; : : : ; xk−1; : : : ; xn−1/ where xs D .xs−k; : : : ; xs−1/ for s  k.
Since 8 is an homomorphism,  and 9 are homomorphisms and 9 is injective. With N
being the image of 9, we then have N ’ k.N / D .0d/k . Finally, for .x0; : : : ; xn−1/ 2 N ,
we obtain 9.x1; : : : ; xk/ D .x1; : : : ; xn/ D .x1; : : : ; x0/ since, from 8n D id, we have
.x0; : : : ; xk−1/ D 8n.x0; : : : ; xk−1/ D .xn; : : : ; xk−1Cn/ implying xn D x0. Consequently,
N is closed under rotation. 2
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The above characterization provides a simple way of proving the following duality property.
PROPOSITION 2.5. If G.d; n; k/ is a uniform Cayley digraph with abelian group 0d , then
G.d; n; n − k/ is also a uniform Cayley digraph.
PROOF. Let 8 and  be as in Proposition 2.4 and N the subgroup closed under rotation.
Define the map
f V .0d/n −! .0d/n
.x0; : : : ; xn−1/ 7−! .y0; : : : ; yn−1/
with y j D .x j ; : : : ; x jCk−1/− x jCk , 0  j  n− 1, where the subindices are taken modulo
n. Clearly, f is an homomorphism (with kernel N ) which commutes with the rotation a.
Therefore, the subgroup N 0 D Im f is closed under rotation.
Let .y0; : : : ; yn−1/ belong to the kernel of the mapping n−k V N 0 −! .0d/n−k and
take .x0; : : : ; xn−1/ 2 f −1.y0; : : : ; yn−1/. Since y0 D    D yn−k−1 D 0, then x jCk D
.x j ; : : : ; x jCk−1/ for 0  j  n− k − 1. By Proposition 2.4, the map8 V .0d/k −! .0d/k
satisfies8n D id, so that the above equality holds also for n−k  j  n−1. Hence n−k has
a trivial kernel. On the other hand, given .y0; : : : ; yn−k−1/ 2 .0d/n−k , consider x0; : : : ; xk−1
arbitrarily chosen and define x jCk D .x j ; : : : ; x jCk−1/ − y j for 0  j  n − k − 1.
Then, n−k f .x0; : : : ; xn−1/ D .y0; : : : ; yn−k−1/ and n−k is an isomorphism between N 0 and
.0d/n−k . 2
As a consequence of the above proposition and Corollary 2.3, we obtain the following result.
COROLLARY 2.6. If k divides n, then both G.d; n; k/ and G.d; n; k−1/ are uniform Cayley
digraphs.
PROOF. Since G.d; 1; 1/ is a uniform Cayley digraph, by Corollary 2.3, so is G.d; n; k/.
Furthermore, since G.d; k; 1/ is a uniform Cayley digraph for any group 0d , Proposition 2.5
with the choice 0d D Zd ensures that G.d; k; k−1/ is also a uniform Cayley digraph. Hence,
applying again Corollary 2.3, so is G.d; n; k − 1/. 2
The uniform Cayley digraphs G.d; n; k/ can be characterized by the existence of a kind of
1-factors in the well-known De Bruijn digraphs B.d; k/, see [5]. The vertices of B.d; k/ are
the words x0x1    xk−1 of length k on an alphabet 0d D fz0; : : : ; zd−1g of d symbols, and
every word x0x1    xk−1 is adjacent to the d words x1    xk−1xk with xk 2 0d . Note that
B.d; k/ is isomorphic to G.d; 1; k/ D Lk−1 KCd . An arc .x0x1    xk−1; x1    xk−1xk/ can be
written as the word x0x1    xk−1xk and a cycle of length n as a word of length n.
Let F be a 1-factor of B.d; k/, that is a 1-regular spanning digraph. If a vertex x0    xk−1
belongs to the cycle x0    xm−1 of F and n is a multiple of m, we write 9.x0    xk−1/ D
.x0; : : : ; xm−1/
n
m 2 .0d/n . An n-group 1-factor of B.d; k/ is a 1-factor with a group structure
on the set of symbols 0d such that: (i) all the cycles of the factor have length a divisor of n;
(ii) the set of9.x0    xk−1/, for x0    xk−1 in the vertex set of B.d; k/, is a subgroup of .0d/n .
By taking N as the subgroup of .0d/n in (ii), we have the following corollary.
COROLLARY 2.7. The digraph G.d; n; k/ is a uniform Cayley digraph if and only if B.d; k/
has an n-group 1-factor.
EXAMPLE 1. A factorization of the De Bruijn digraph B.3; 2/ is shown in Figure 1. The
first factor is a 3-group 1-factor and then the digraph G.3; 3; 2/ is a (uniform) Cayley digraph.
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21
10
02
00
01
11
12
22
20
1-factor 1
1-factor 2
1-factor 3
FIGURE 1. A factorization of B.3; 2/.
The corresponding subgroup N of .Z3/3, with N ’ 2.N / D .Z3/2 closed under rotation
is N D f.0; 0; 0/; .1; 1; 1/; .2; 2; 2/; .0; 1; 2/; .1; 2; 0/; .2; 0; 1/; .0; 2; 1/; .2; 1; 0/; .1; 0; 2/g.
Note that the second- and third-factors are not 3-group 1-factors and they are in correspondence
with the cosets of N in .Z3/3.
3. THE R-CAYLEY DIGRAPHS AND RECURRENCES IN FINITE RINGS
Throughout this section, R is a commutative ring with unit 1 and cardinality d, and R
denotes the set of units of R. Consider Rn as an R-module. The rotation map a: Rn ! Rn
and the maps k , which are group homomorphisms, are also linear. The digraph G.d; n; k/
is said to be an R-Cayley digraph if there is a submodule N of Rn closed under rotation such
that N ’ k.N / D Rk (where the isomorphism is a linear isomorphism.) By taking 0d as
the additive group of R, we have that an R-Cayley digraph is a uniform Cayley digraph. The
main result of this section is a characterization of the R-Cayley digraphs G.d; n; k/ in terms
of the existence of a degree-k polynomial with coefficients in R. To this end, note first that
Corollaries 2.3, 2.6 and Proposition 2.4 have their analogues in the following two propositions.
PROPOSITION 3.1. (i) If G.d; n; k/ is an R-Cayley digraph, then G.d; rn; sk/ is an
R-Cayley digraph for any positive integers r and s such that sjr .
(ii) If kjn, then both G.d; n; k/ and G.d; n; k − 1/ are R-Cayley digraphs.
PROPOSITION 3.2. The digraph G.d; n; k/ is an R-Cayley digraph if and only if there is a
map : Rk ! R such that the map
8: Rk ! Rk
.x0; : : : ; xk−1/ 7! .x1; : : : ; xk−1; .x0; x1; : : : ; xk−1//
is a linear isomorphism which satisfies 8n D id.
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Related to Proposition 3.2, note that a map : Rk ! R is a linear map if and only if
there exist two linear maps 0: R ! R and 00: Rk−1 ! R such that .x0; : : : ; xk−1/ D
0.x0/ C 00.x1; : : : ; xk−1/, and a map 8 as above is a linear map if and only if  is a linear
map. In this case 8 is an isomorphism if and only if 0 is an isomorphism.
Some results about the theory of homogeneous linear recurrences with constant coefficients
in a finite field, see [14], can be obtained with slight modifications if the coefficients belong to
a commutative ring R with unit. We first give these results in Proposition 3.3 and next apply
them to obtain our main characterization for G.d; n; k/ to be an R-Cayley digraph.
Let S.R/ be the set of sequences with elements in R. By defining the natural operations,
S.R/ is an R-module. A sequence .us/ 2 S.R/ is periodic if there is a positive integer r ,
called a period, such that usCr D us for all s  0. Clearly, if r is a period, then r t is also a
period for any integer t  1 and, if r0 is the least period, then r0 divides r . If S  S.R/ is a
finite set of periodic sequences, the least common period of S is the least integer such that it
is a period of any sequence in S, that is the least common multiple of the least periods of the
sequences in S.
Let f D xk − ak−1xk−1 −    − a1x − a0 be a polynomial with coefficients in R and let
S. f / be the set of sequences .us/ 2 S.R/ such that us D ak−1us−1 C    C a0us−kC1 for all
s  k, that is the set of sequences which are a solution of the homogeneous linear recurrence
with characteristic polynomial f . Each sequence .us/ in S. f / is determined by the initial
values u0; : : : ; uk−1. Hence, the cardinal of S. f / is dk . The sequence .ds/ 2 S. f /with initial
values d0 D d1 D    D dk−2 D 0, dk−1 D 1 is called the impulse-response sequence. The
companion matrix of f is the matrix
A D
0BBBBB@
0 0 : : : 0 a0
1 0 : : : 0 a1
0 1 : : : 0 a2
:::
:::
: : :
:::
:::
0 0 : : : 1 ak−1
1CCCCCA :
Note that if .us/ 2 S. f /, then .us; : : : ; usCk−1/A D .usC1; : : : ; usCk/. The characteristic
polynomial of A is .−1/k f and det A D .−1/k−1a0. Thus, A is non-singular if and only if
a0 2 R. In this case, the order of the matrix A is called the order of f , and it is denoted
by ord f . If R is a field, it is known that f is the minimal polynomial of A, that is the
monic generator of the annihilator ideal of A, see [4, Chap. X, Theorem 15]. By using similar
arguments it can be shown that if R is a ring then f is the monic polynomial of least degree
such that f .A/ D O. In addition, since f is monic, the division algorithm can be performed
and it is easy to see that the annihilator ideal of A is the ideal generated by f .
In order to give the next result, which is basic to our study, we introduce the following
concept. A set S  S.R/ is closed under shifts if .us/ 2 S implies that the sequence .vs/
defined by vs D usC1 for all s  0, is also in S.
PROPOSITION 3.3. Let f D xk − ak−1xk−1 −    − a1x − a0 2 RTxU with a0 2 R. Then
(i) the set S. f / is a free R-module of dimension k closed under shifts;
(ii) the least common period of S. f / is ord f and equals the least period of the impulse-
response sequence.
PROOF. (i) The k sequences with initial values .1; 0; : : : ; 0/, .0; 1; : : : ; 0/, : : :, .0; : : : ; 0; 1/
are linearly independent and generate a submodule with dk elements, hence they are a basis
of S. f /. If .us/ 2 S. f /, then the shifted sequence is the sequence of S. f / with initial values
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u1; u2; : : : ; uk . Hence S. f / is closed under shifts. (Note that the hypothesis a0 2 R has not
been used yet).
(ii) Let A be the companion matrix of f , let .ds/ be the impulse-response sequence, and
write dm D .dm; : : : ; dmCk−1/ D .0; : : : ; 0; 1/Am . Let n D ord f . Then An D I and
.us; : : : ; usCk−1/ D .us; : : : ; usCk−1/An D .usCn; : : : ; usCkCn−1/ for any .us/ 2 S. f /.
Hence n is a common period of all the sequences in S. f /. Let n0 be the least period of the
impulse-response sequence. Then n0 divides n because n is a period of .ds/. On the other
hand, from dn0 D d0 we obtain d0 An0C j D d0 A j and hence d j An0 D d j for all j  0. But
the vectors d j , 0  j  k − 1 form a basis of the R-module Rk , so that An0 D I . Therefore
we conclude that n divides n0 and n D n0. 2
We are now ready to give our characterization of those digraphs G.d; n; k/ which are
R-Cayley digraphs.
THEOREM 3.4. The digraph G.d; n; k/ is an R-Cayley digraph if and only if there exists
a monic polynomial f 2 RTxU of degree k satisfying anyone of the following (equivalent)
conditions:
(i) f .0/ 2 R and n is a multiple of ord f ;
(ii) f is a factor of xn − 1.
PROOF. If G.d; n; k/ is an R-Cayley digraph, then, by applying Proposition 3.2, there
is an isomorphism 0: R ! R and an homomorphism 00: Rk−1 ! R such that the map
8: Rk ! Rk defined by
8.x0; : : : ; xk−1/ D
(
x1; : : : ; xk−1; 0.x0/C 00.x1; : : : ; xk−1/

is an isomorphism with order a multiple of n. Since 0 is an isomorphism and 00 is an homo-
morphism, they can be expressed as 0.x0/ D a0x0 for some a0 2 R and 00.x1; : : : ; xk−1/ D
a1x1 C    C ak−1xk−1 for some a1; : : : ; ak−1 2 R. Then the matrix of 8 in the canonical
basis is the companion matrix A of the polynomial f .x/ D xk − ak−1xk−1 −    − a0 and,
since 8 has order a multiple of n, we have An D I . Hence n is a multiple of ord f and f
satisfies (i).
Conversely, suppose that f is a monic polynomial of degree k with f .0/ 2 R and order
a divisor of n. By Proposition 3.1, it is sufficient to consider n D ord f . As we have seen
in Proposition 3.3, the free R-module S. f / has dimension k, it is closed under shifts and
any sequence in S. f / has period n. Hence, the map S. f / −! Rn defined by .us/ 7!
.u0; u1; : : : ; un−1/ is an injective linear homomorphism whose image N , say, is clearly closed
under rotation, since .usC1/ 7! .u1; : : : ; un−1; un/ D .u1; : : : un−1; u0/, and satisfies N ’
k.N / D Rk .
Let us finally prove the equivalence between (i) and (ii). Let A be the companion matrix
of a monic polynomial f 2 RTxU of degree k. If f satisfies (i), then, since An − I D O,
the polynomial xn − 1 belongs to the annihilator ideal of A and hence it is a multiple of f .
Conversely, suppose that xn − 1 D f .x/g.x/. Since f .0/g.0/ D −1, we have f .0/ 2 R.
Moreover, from An − I D f .A/g.A/ D O, we infer that n is a multiple of ord f . 2
Let G.d; n; k/ be a uniform Cayley digraph and 0d and N as in Theorem 2.2. Suppose that
0d D Zd . Then the groups N ’ .Zd/k and .0d/n ’ .Zd/n are structured in a natural way as
Zd -modules and G.d; n; k/ is a Zd -Cayley digraph. Thus, Theorem 3.4 characterizes the
digraphs G.d; n; k/ which are uniform Cayley digraphs with the associated group 0d ’ Zd .
Some examples are given in Table 1, where the digraph G.d; n; k/ is a uniform Cayley digraph
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with the associated group 0d D Zd if and only if n is divided by any of the values in the last
column. From this table and Theorem 2.2 we can also see, for instance, that G.2; 5; k/ D
Lk−1G.2; 5/ is a Cayley digraph for k D 1; 4; 5 only.
As a consequence of Theorem 3.4, we also obtain the following result for G.d; n; k/ to be
an R-Cayley digraph with ; R being a field, a situation that will be studied in detail in the next
section.
COROLLARY 3.5. Let d be a power of a prime p, n not divisible by p, D a set of divisors
of n, and k D P2D ./, where  is the Euler function. Then G.d; n; k/ is an Fd -Cayley
digraph.
PROOF. Since the integer , a divisor of n, is not divisible by p, there exists a primitive th
root of unity  , say, over Fd . The cyclotomic polynomial 8.x/ is obtained by multiplying
together all the factors .x −  r / with .r; / D 1 and 1  r < . This polynomial is monic, has
degree ./, and satisfies xn − 1 D Qjn 8.x/, see for instance [14]. The statement is now
a direct consequence of Theorem 3.4(ii). 2
4. THE Fd -CAYLEY DIGRAPHS
In this last section we further develop the results in Section 3 when R is the finite field
Fd of order d. As a main result, we show that the Fd -Cayley digraphs G.d; n; k/ are in 1-1
correspondence with the cyclic .n; k/-linear codes over Fd . Moreover, when d and n are
distinct primes, a simple numeric characterization is obtained.
Note first that, by Theorem 2.2, if d D p is a prime, then G.p; n; k/ is a Cayley digraph if
and only if it is a Fp-Cayley digraph. Furthermore, the subgroup N of .0p/n can be structured
as a Fp-vector space. Therefore, as a consequence of Proposition 3.2 and Theorem 3.4, we
obtain the following characterization of the digraphs G.p; q; k/ with p; q distinct primes and
q  3 which are Cayley digraphs. A similar theorem for the undirected version of G.p; q; 2/
has been given by McKay and Praeger [15].
THEOREM 4.1. Let p and q be distinct prime numbers and q  maxf3; kg. Then G.p; q; k/
is a Cayley digraph if and only if either pk  1 mod q or pk−1  1 mod q. In particular,
G.p; q; 2/ is a Cayley digraph if and only if q divides p2 − 1.
PROOF. Since p does not divide q, the cyclotomic polynomial 8q.x/ factors into .q/=g
distinct monic irreducible polynomials in Zp of degree g D minfe V pe  1 mod qg, see [14,
Theorem 2.47]. Suppose that G.p; q; k/ is a Cayley digraph. Then, by Theorem 3.4(ii), the
polynomial xq − 1 D 81.x/8q.x/ has a factor of degree k in ZpTxU and8q.x/ has a factor of
degree k or k−1. Then we have k D tg or k−1 D tg for some integer t . From pg  1 mod q,
it follows that pk  1 or pk−1  1 mod q.
Conversely, assume that either pk  1 mod q or pk−1  1 mod q. Then either k or k − 1 is
a multiple of g. As k  q, the polynomial 8q.x/ has a factor of degree k or k − 1. Hence
xq − 1 has a factor of degree k. 2
Table 1 supplies some families of vertex transitive digraphs which are not Cayley digraphs.
For example, take the digraphs G.3; n; 2/ with n neither a multiple of 2 nor of 3. Note also in
this table that G.4; 5; 2/ is not a Z4-Cayley digraph. Nevertheless, it is an F4-Cayley digraph.
Indeed, takeF4 D Z2TxU=.1CxCx2/ and  the class of x in the quotient. Then the polynomial
x5−1 admits the factorization x5−1 D .x3C .1C/x2C .1C/xC1/.x2C .1C/xC1/,
hence G.4; 5; 2/ is an F4-Cayley digraph.
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TABLE 1.
Zd -Cayley digraphs.
d k divisors of n d k divisors of n
2 2 2, 3 5 4 4, 5, 6, 13, 31
2 3 3, 4, 7 6 2 2, 3
2 4 4, 5, 6, 7 6 3 3, 4, 91
2 5 5, 6, 8, 14, 21, 31 7 2 2, 3, 7
3 2 2, 3 7 3 3, 4, 7, 19
3 3 3, 4, 13 8 2 2, 3
3 4 4, 5, 6, 9, 13 8 3 3, 4, 7
4 2 2, 3 9 2 2, 3
4 3 3, 4, 7 9 3 3, 4, 13
4 4 4, 5, 6, 7 10 2 2, 3
5 2 2, 3, 5 11 2 2, 3, 5, 11
5 3 3, 4, 5, 31 12 2 2, 3
The Fd -Cayley digraphs are in correspondence with the cyclic codes on Fd . An .n; k/-cyclic
code over Fd is a k-dimensional vector subspace of .Fd/n such that if .a0; : : : ; an−1/ 2 C ,
then .an−1; a0; : : : ; an−2/ 2 C . Hence, a cyclic code is closed under rotation. By identifying a
codeword .a0; : : : ; an−1/ 2 C with the class of the polynomial a0Ca1xC  Can−1xn−1 in the
ring Fd TxU=.xn−1/, a cyclic code can be defined equivalently as an ideal C of Fd TxU=.xn−1/
(see [13] for further details.) If g.x/ is the monic generator of C of least degree, say n−k, then
g.x/ is said to be the generator polynomial of C and the dimension of C is k. The generator
polynomial g.x/ of a cyclic code C is a divisor of xn − 1 and any monic divisor of xn − 1 is
the generator polynomial of a cyclic code. Then there is an .n; k/-cyclic code over Fd if and
only if xn − 1 has a monic divisor h.x/, say, of degree k. In addition, it is known that the
degrees of the factors of xn − 1 can be calculated by means of the so-called ‘set of cyclotomic
cosets of d module n,’ see [20].
If g.x/ is the generator polynomial of an .n; k/-cyclic code C over Fd , the polynomial
h.x/ D .xn−1/=g.x/ D xk−bk−1xk−1−  −b0 is called the parity-check polynomial of C .
Take f .x/ D b−10 .b0xk C b1xk−1 C    C bk−1x − 1/. Then C is the set of the n-tuples of the
first n terms of the sequences in S. f / and C is a submodule of .Fd/n closed under rotation
such that C ’ k.C/ D Fkd . For instance, in Example 1 we have x3−1 D .x−1/.x2C xC1/
and g.x/ D x − 1, h.x/ D f .x/ D x2 C x C 1 and the cyclic code generated by g.x/ is
C D N . From these considerations, and according to Theorems 3.4(ii) and 2.2, we obtain the
following result.
THEOREM 4.2. There is an .n; k/-cyclic code C overFd if and only if the digraph G.d; n; k/
is an Fd -Cayley digraph. In this case, G.d; n; k/ is an Fd -Cayley digraph with N D C.
It is known that if f 2 Fd TxU is a monic irreducible polynomial of degree k, then the order of
its roots in the multiplicative extension field Fdk TxU D Fd TxU=. f / is ord f . If f is primitive in
Fdk TxU, the roots are generators of the multiplicative group and hence ord f D dk − 1. Since
there exist primitive polynomials for any degree, by using Theorem 3.4, we have:
PROPOSITION 4.3. If d is a prime power and dk − 1 divides n, then G.d; n; k/ is an
Fd -Cayley digraph.
Suppose that G.d; n; k/ is a uniform Cayley digraph. Let 0d and N be as in Theorem 2.2
and a: N ! N the rotation automorphism. The orbits of the action of hai on N are in bijective
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correspondence with the cycles of an n-group 1-factor of B.d; k/. The n-group 1-factors with
only two cycles can be characterized.
PROPOSITION 4.4. There is an n-group 1-factor of B.d; k/ with only two cycles if and only
if d is a prime power. In this case, n D dk − 1.
PROOF. Let d be a prime power and take f 2 Fd TxU primitive of degree k. The period of
the impulse-response sequence of S. f / is ord f D dk − 1. So the group 1-factor has only two
cycles: the trivial loop on the word 00    0 and a cycle of length n D dk − 1.
Conversely, by Corollary 2.7, the existence of an n-group 1-factor is equivalent to G.d; n; k/
being a uniform Cayley digraph. Let 0d and N be as in Theorem 2.2. Let a be the rotation
automorphism of N , let e be the identity of N , and let N D N n feg. The action of the group
hai on N is transitive, hence there is a prime p and an integer m such that N ’ .Zp/m (see
[3]). Then .0d/k ’ .Zp/m and d is a prime power. The group hai is abelian and it is transitive
on N, hence it is regular. Thus n D jhaij D jNj D dk − 1. 2
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